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Abstract—In this work we analyze basic characteristics of Love
wave sensors implemented in waveguide structures composed of a
lossy viscoelastic surface layer deposited on a lossless elastic
substrate. It has to be noted that Love wave sensors working at
ultrasonic frequencies have the highest mass density sensitivity
𝒗
𝑺𝝈𝒑 among all known ultrasonic sensors, such as QCM, Lamb
wave or Rayleigh wave sensors. In this paper we have established
𝒗
an exact analytical formula for the mass density sensitivity 𝑺𝝈𝒑 of
the Love wave sensors in the form of an explicit algebraic
expression. Subsequently, using this developed analytical formula,
𝒗
we compared theoretically the mass density sensitivity 𝑺𝝈𝒑 for
various Love wave waveguide structures, such as: (1) lossy PMMA
surface layer on lossless Quartz substrate and (2) lossy PMMA on
lossless Diamond. The performed analysis shows that the mass
𝒗
density sensitivity 𝑺𝝈𝒑 (real and imaginary part) for a sensor with
a structure PMMA on Diamond is five times higher than that of a
PMMA on Quartz structure. It was found that the mass density
𝒗
sensitivity 𝑺𝝈𝒑 for Love wave sensors increases with the increase of
the ratio: bulk shear wave velocity in the substrate to bulk shear
wave velocity in the surface layer.
Keywords—Love wave sensors, mass sensitivity, dispersion
equation, viscoelastic layers

I.

INTRODUCTION

Ultrasonic waves (bulk and surface), widely used in sensing
applications, have been successfully employed in variety of
sensors, such as biosensors, chemosensors and other sensors
measuring large number of physical quantities, such as
humidity, viscosity, etc. [1-6]. Sensors which utilize surface
waves of the Love type offer many advantages over the sensors
employing other types of ultrasonic waves [7-14]. Primarily,
Love wave sensors provide the highest sensitivity to mass
loading, comparing to sensors using other acoustic (surface and
bulk) waves.
𝑣

The mass density sensitivity 𝑆𝜎𝑝 is one of the most important
parameters characterizing operation and applicability of the
ultrasonic sensor, for measurements in liquid environment. In
design of Love wave sensors we seek to find a sensor's
978-1-7281-4595-2/19/$31.00 ©2019 IEEE

configuration, for which the output of the sensor is significantly
altered by presence of an extra mass layer loading the upper
surface of the sensor's waveguide. In fact, large changes in
ultrasonic velocity ∆𝑣𝑝 and/or attenuation ∆𝛼 of the Love wave
will lead to higher accuracy of measurements with Love wave
sensors. In Love wave biosensors, working in a liquid
environment, a thin mass layer can be built on the sensor surface
due to interactions of the initially deposited recognition layer
with an investigated analyte, extracted directly from the
surrounding liquid.
In this work, we have performed theoretical analysis and
𝑣
numerical calculations for the mass density sensitivity 𝑆𝜎𝑝 of
Love wave sensors, operating at ultrasonic frequencies. Love
wave sensors show the highest sensitivity to mass load,
compared to sensors using other acoustic (surface and bulk)
waves.
Mass sensitivity is a fundamental parameter that determines
the quality of the ultrasonic Love wave sensors. Up to date, the
𝑣
mass density sensitivity 𝑆𝜎𝑝 of Love wave sensors has been
determined only approximately employing a number of
simplifying assumptions.
In this work, we derive for the first time the mass density
𝑣
sensitivity 𝑆𝜎𝑝 of Love wave sensors in the form of an exact
analytical formula, without referring to any simplifications and
limitations.
Huge advantage of an analytical formula for the mass
𝑣
density sensitivity 𝑆𝜎𝑝 is its capability to reveal explicitly
𝑣
functional dependencies of the sensitivity 𝑆𝜎𝑝 as a function of
all material and geometrical parameters of the Love wave
waveguide, such as moduli of elasticity and density of the
surface layer and substrate, thickness of the surface layer, as well
as wave frequency. Such an insight cannot be easily achieved
with pure numerical methods. Therefore, a necessity for
laborious and extensive numerical calculations has been greatly
reduced.
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II.

the 𝑥1 and 𝑥3 axes.

GEOMETRY OF THE LOVE WAVE WAVEGUIDE

The layered Love wave waveguide structure, analyzed in
this paper (see Fig.1) represents a physical model of the Love
wave sensor.

Love wave that propagates in a lossy layered waveguide
from Fig.1 undergoes attenuation. Consequently, the wave
number 𝑘 of the Love wave is a complex quantity:
(1)

𝑘 = 𝑘0 + 𝑗𝛼

where: 𝑗 = √−1 is the imaginary unit, 𝑘0 is the real part of the
complex wavenumber which determines the velocity of the
Love wave propagation, 𝛼 is the attenuation of the Love wave
and 𝜔 is the angular frequency.
III.

MATHEMATICAL MODEL

The Love wave propagating in the waveguide structure from
Fig.1 is governed by the appropriate equations of motion [17,
18] in the constituent regions and the appropriate boundary
conditions [19] on the upper and lower surfaces of the surface
layer.
Mathematical model of the propagation of Love waves in the
waveguide structure from Fig.1 constitutes the following
complex dispersion equation:
2

(2)

(3)

𝑡𝑎𝑛(𝑞2 ∙ ℎ2 ) ∙ {(𝑐44 ∙ 𝑞2 ) + (𝜎 ∙ 𝜔2 ) ∙ (𝑐44 ∙ 𝑏)} +
(2)

(3)

+(𝑐44 ∙ 𝑞2 ) ∙ {(𝜎 ∙ 𝜔2 ) − (𝑐44 ∙ 𝑏)} = 0
(2)
where: 𝑘2 =
Fig.1. Cross-section of the analyzed Love wave waveguide loaded with a surface
mass density 𝜎 . Love surface waves propagate along the 𝑥1 axis. Shear
horizontal (SH) mechanical displacement 𝑢3 of the Love wave is directed along
the 𝑥3 axis.

The waveguide is designed to support shear horizontal (SH)
surface waves of the Love type, when the phase velocity of shear
ultrasonic waves in the surface layer is lower than that in the
substrate. The composite waveguide consists of a lossy
viscoelastic surface layer (ℎ2 > 𝑥2 ≥ 0) , which is rigidly
bonded to a lossless infinite elastic substrate occupying the
lower half-space (𝑥2 > ℎ2 ).
The lossy surface layer being a viscoelastic material, such as
PMMA (Poly(Methyl Methacrylate)), is characterized by a
(1)
complex shear modulus of elasticity 𝑐44 . By contrast, the
lossless substrate, is a semi-infinite elastic medium, such as STcut Quartz, AlN (Aluminum Nitride), BN (Boron Nitride) and
(2)
Diamond, with real shear modulus of elasticity equal to 𝑐44 . It
is well known from previous research that the above materials
can support pure SH bulk waves [15, 16] with no spurious
components of vibrations along 𝑢1 and 𝑢2 axes.
An important property of Love surface waves is their unique
vibration pattern. In fact, Love surface waves have only one nonzero shear-horizontal (SH) component of the mechanical
displacement 𝑢3 , which is directed along the 𝑥3 axis, parallel to
the free surface (𝑥2 = 0) of the waveguide and perpendicular to
the direction of the Love wave propagation along the 𝑥1 axis.
The 𝑥2 axis is directed into the bulk of the substrate. All
material parameters of the composite waveguide may change
only along the 𝑥2 axis but are homogeneous and isotropic along

𝜔
𝑣2

; 𝑘3 =

𝜔
𝑣3

; 𝑞2 = √𝑘22 − 𝑘 2 ; 𝑏 = √𝑘 2 − 𝑘32 ;

𝜎 is the surface mass density loading the surface of the
waveguide and 𝑘 is the complex wavenumber of the Love wave.
Equation No. 2 relates the phase velocity and attenuation of
the Love wave propagating in the waveguide with material and
geometrical parameters of the layered waveguide, depicted in
Fig.1. It should be stressed that an extra mass loading does not
introduce any extra losses, but only changes in the phase
velocity of the Love wave.
IV.

𝑣

MASS SENSITIVITY 𝑆𝜎𝑝

Equation (2) can be regarded as an implicit function of the
phase velocity 𝑣𝑝 , attenuation 𝛼 surface mass density 𝜎 and
𝑣
other parameter of the waveguide. The sensitivity 𝑆𝜎𝑝 of the
Love wave sensor to the surface density mass loading can be
defined as [3]:
𝑣

𝑆𝜎𝑝 =

1
𝑣𝑝

(

𝜕𝑣𝑝
𝜕𝜎

)

(3)

For lossy waveguide structures, the phase velocity of the
Love wave can be defined as a complex quantity: 𝑣𝑝 = 𝜔⁄𝑘 . As
a result, the mass density sensitivity defined by Eq. (3) becomes
also a complex quantity.
Employing Eq.2 and the theorem of differentiation of
implicit functions, we have derived for the first time the
𝑣
following explicit formula for the mass density sensitivity 𝑆𝜎𝑝 :
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𝑣𝑝

𝑆𝜎 =

1
(2)
(3)
𝜔 2 𝑘{(𝑐44 𝑞2 )+(𝑐44 𝑏)∙𝑡𝑎𝑛(𝑞2 ℎ2 )}
2
2
ℎ2
𝜕𝑞2
(2)
(3)
2 )}+ 𝑡𝑎𝑛(𝑞 ℎ ){2𝑞 (𝑐 (2) ) 𝜕𝑞2 +𝑐 (3)𝜕𝑏(𝜎𝜔 2 )}+𝑐 (2)𝜕𝑞2 ∙{(𝜎𝜔 2 )−(𝑐 (3) 𝑏)}−𝑐 (3)𝜕𝑏(𝑐(2) 𝑞 )
{(𝑐
𝑞
)
+(𝑐
𝑏)(𝜎𝜔
2
2
2
2
2
44
44
44
44 𝜕𝑘
44 𝜕𝑘
44
44 𝜕𝑘 44 2
𝑐𝑜𝑠 (𝑞2ℎ2 ) 𝜕𝑘
𝜕𝑘

(4)
where:

𝜕𝑞2
𝜕𝑘

=−

𝑘
√𝑘22 −𝑘 2

;

𝜕𝑏
𝜕𝑘

=

𝑘
√𝑘 2 −𝑘32

Equation (4) is an exact analytical formula for the mass
𝑣
density sensitivity 𝑆𝜎𝑝 of Love wave sensors.
Equation (4) will be further used in the subsequent numerical
𝑣
calculations of the mass density sensitivity 𝑆𝜎𝑝 of the Love wave
sensors.
V.

RESULTS

Using the derived analytical formula (Eq.4) we have
calculated numerically the real part of the mass density
𝑣
sensitivity 𝑆𝜎𝑝 of the Love wave sensor, for various
combinations of the surface layer and substrate materials. As a
substrate material, ST-cut Quartz and Diamond were chosen.
𝑣

The real part of the mass density sensitivity 𝑆𝜎𝑝 =

1
𝑣𝑝

(

𝜕𝑣𝑝
𝜕𝜎

𝑣

Fig.3. Real part of the mass density sensitivity 𝑆𝜎 𝑝 [m2 ⁄kg] for Love surface
waves propagating in PMMA-ST-Quartz waveguides, loaded with a thin lossless
film with the mass density 𝜎, as a function of thickness ℎ2 of the PMMA guiding
surface layer, for different values of wave frequency 𝑓 =
50, 100 𝑎𝑛𝑑 200 𝑀𝐻𝑧.

),

as a function of frequency 𝑓 of the Love surface wave and
thickness ℎ2 of PMMA guiding surface layer is given,
respectively, in Figs 2 and 3. Here, as a substrate we chose an
ST-cut Quartz material.

Figures 4 and 5 show dependencies of the real part of the
𝑣
mass density sensitivity 𝑆𝜎𝑝 as a function of frequency 𝑓 and
thickness ℎ2 for the PMMA surface layer deposited this time on
a diamond substrate.

It is apparent that the real part of the mass density sensitivity
displays resonant like peaks, as a function of both 𝑓 and ℎ2 ,
and drops gradually to zero for higher frequencies, if 𝑓 → +∞.

Love wave sensors based on PMMA on Diamond structures
have a significantly larger mass sensitivity (five times) than
sensors using PMMA on Quartz structures.

𝑣
𝑆𝜎𝑝

𝑣

Fig.2. Real part of the mass density sensitivity 𝑆𝜎 𝑝 [m2 ⁄kg] for Love surface
waves propagating in PMMA-ST - Quartz waveguides loaded with a thin
lossless film with the surface mass density 𝜎 , as a function of Love wave
frequency 𝑓, for different values of thickness ℎ2 of the guiding PMMA surface
layer (ℎ2 = 0.5, 1 and 2 𝜇𝑚).

𝑣

Fig.4. Real part of the mass density sensitivity 𝑆𝜎 𝑝 [m2 ⁄kg] for Love surface
waves propagating in PMMA - Diamond waveguides loaded with a thin lossless
film with the mass surface density 𝜎, as a function of Love wave frequency 𝑓,
for different values of thickness ℎ2 of the guiding PMMA surface layer (ℎ2 =
0.5, 1 𝑎𝑛𝑑 2 𝜇𝑚).
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