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The nonlinearity parameter B/A is a measure of the nonlinearity of the equation of state
for a ﬂuid. The nonlinearity parameter B/A is a physical parameter often used in acoustics,
from underwater acoustics to biology and medicine. It can provide information about structural
properties of the medium, internal pressure and inter-molecular spacing. The thermodynamic
method has been applied for determination of B/A parameter in diacylglycerol (DAG) oil as
a function of pressure at various temperatures. Isotherms of the density and phase velocity of
longitudinal ultrasonic wave as a function of pressure have been measured. Using the thermodynamic method along with measured isotherms of sound speed and density, the nonlinearity
parameter B/A (for DAG oil) was evaluated as a function of pressure (up to 220 MPa) at
various temperatures ranging from 20 to 50◦ C.
Key words: nonlinearity parameter B/A, thermodynamic method, high pressure, longitudinal
ultrasonic wave velocity.

1. Introduction
The nonlinearity parameter B/A is a measure of the nonlinearity of the equation of state for a ﬂuid. It plays a signiﬁcant role in acoustics, from underwater
acoustics to biology and medicine. The nonlinearity parameter is important because it determines distortion of a ﬁnite amplitude wave propagating in the ﬂuid.
The parameter B/A determines the nonlinear correction to the velocity due to
the inﬂuence of nonlinear eﬀects caused by the propagation of ﬁnite amplitude
wave. Moreover, it can be related to the molecular dynamics of the medium
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and it can provide information about structural properties of medium, internal
pressures, clustering, and inter-molecular spacing, etc. Importance of the B/A
parameter increases with the development of high-pressure technologies of food
processing and preservation.
The parameter B/A is very important in medical applications of ultrasound,
both in diagnosis and therapy. In diagnostic applications knowledge of B/A
is necessary in design and optimization of the ultrasound imaging devices. In
therapy it enables to predict the temperature in the tissue during ultrasonic
hyperthermia treatment. During nonlinear wave propagation the harmonic frequencies are generated and they are absorbed more quickly than the fundamental
one [1, 2].
The experimental techniques for the B/A parameter measurement can be
classiﬁed by the two basic approaches: thermodynamic method and ﬁnite-amplitude method. In the ﬁrst method, B/A is evaluated from the deﬁnition using
measurements of the sound velocity as a function of pressure and temperature
[3–8]. The second method is based on the analysis of waveform distortion due
to harmonics generation during wave propagation [9]. Thermodynamic method
is more reliable method for measuring the nonlinearity parameter B/A [10].
The aim of this work is to determine the nonlinearity parameter B/A for
DAG (diacylglycerol) oil as a function of hydrostatic pressure and temperature
by applying the thermodynamic method [3–8], that uses the measured isotherms
of the density and sound velocity in DAG oil.
The authors applied thermodynamic method to determine B/A parameter
in diacylglycerol (DAG) oil composed of 82% of DAGs and 18% of triacylglycerols (TAGs), with a vestigial amount of monoacylglycerols (MAGs) and free
fatty acids. The fractions were determined by means of the gas chromatography method. DAG oil is an important compound of fatty food products, e.g.
vegetable oils [11] and solid animal fats. DAG oil is also applied in the pharmaceutical industry. The consumption of DAG oil is claimed to have beneﬁcial
eﬀects on obesity and weight related disorders [12].
In the thermodynamic method to evaluate the nonlinearity parameter B/A
one must know (from experiment) the dependence of the longitudinal ultrasonic
wave phase velocity on hydrostatic pressure at various temperatures (isotherms).
Moreover, one should measure isotherms of the density of a liquid versus pressure. The measurement of sound speed can be performed relatively easily with
high accuracy. This is an advantage of the employed thermodynamic method to
evaluate the nonlinearity parameter B/A.
The authors have carried out the measurement of isotherms of the longitudinal ultrasonic wave velocity as a function of pressure employing the established
laboratory measuring setup. To evaluate the sound velocity in DAG oil, an ultrasonic method that uses cross-correlation method to determine the time-of-ﬂight
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between successive impulses was employed. The density of DAG oil was determined from changes of DAG oil sample volume evaluated by measuring the piston displacement in the high-pressure chamber. Consequently, we evaluated the
dependence of the nonlinearity parameter B/A on pressure (from atmospheric
up to 220 MPa) and temperature (from 20 to 50◦ C).
2. Theoretical background
Expanding the equation of state P = P (ρ, s), (which links pressure P , density ρ and entropy s) of a liquid into a Taylor series along the isentrope s = s0 ,
yields [3]:
 
 
 ′
B ρ′ 2 C ρ′ 3
ρ
+
+ ...,
+
(2.1)
P − P0 = A
ρ0
2! ρ0
3! ρ0

where ρ′ = ρ − ρ0 is the excess density, P and ρ are instantaneous pressure and
density of the liquid disturbed by the ultrasonic wave propagation, P0 and ρ0
are their unperturbed (ambient) values, and
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where s is speciﬁc entropy, c0 is the isentropic small-signal sound speed, the
partial derivatives are evaluated at the unperturbed state (ρ0 , s0 ), what is indicated by the subscript 0. Subscript “s” refers to a constant entropy process, to
which the phenomenon of ultrasound propagation can be attributed.
According to the deﬁnitions in Eqs. (2.2) and (2.3), the nonlinearity parameter B/A (that is the ratio of quadratic to linear term in the Taylor series
expansion) can be expressed as:

 
B
ρ0 ∂ 2 P
(2.5)
= 2
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∂P
, the formula (2.5) can be
Using the deﬁnition of the sound speed c2 =
∂ρ s
rewritten as:
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Upon expanding the derivative
mula [3]:
(2.7)

B/A = 2ρ0 c0



∂c
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we arrive at the following for-

s ρ=ρ0

+

2c0 T αp c−1
p



∂c
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,

P ρ=ρ0

where ρ0 is the density of undisturbed medium, c0 is the sound velocity for
acoustic waves of inﬁnitesimal amplitude, c is the measured sound velocity at
given temperature and pressure, P is the pressure, T is the temperature in
Kelvin, αp is the isobaric thermal expansion coeﬃcient, cp is the isobaric speciﬁc
heat capacity.
The contribution to B/A parameter from temperature changes is always
smaller than that from pressures changes [3].
3. Measuring method and setup
As can be seen from Eq. (2.7), to determine B/A parameter it is necessary
to measure accurately sound velocity in the investigated liquid medium as a
function of pressure and temperature.
The measuring setup is presented in Fig. 1 and described in [13, 14]. High
pressure was generated in a thick-walled cylinder chamber with a simple piston
and Bridgman II sealing system. The piston-cylinder assembly was working with
a hydraulic press, driven by a hand-operated pump. The piston displacement
was controlled by a digital caliper.

Fig. 1. Experimental ultrasonic setup for measuring the sound velocity in liquids at high
pressure and various values of temperature. Temperature of water is stabilized by refrigerated/heating circulator (not presented in the graph).

For pressure measurements a typical 100 Ω manganin transducer was used.
Its resistance was measured with a linear unbalanced resistance bridge. The tem-
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perature in the chamber was measured using T-type thermocouple (Cu-constantan). A thermostatic bath was circulating in a thermostatic jacket around the
chamber. The thermostatic jacket was connected to a precision thermostat.
The applied measuring setup and method provided high measurement accuracy.
The accuracy of measurements of ultrasonic wave phase velocity depends on
the level of parasitic ultrasonic signals. For measurements of the phase velocity
of longitudinal ultrasonic waves, the authors have developed and constructed
the computerized setup especially designed to obtain a low level of parasitic
ultrasonic signals. A special mounting of transducers in the high-pressure chamber was fabricated. The transducers were operating in the through transmission
mode. The transmitting transducer was driven by the TB-1000 pulser – receiver
computer card. Ultrasonic pulses (5 MHz sine-wave trains) were generated by
the transmitting transducer and detected by the receiving transducer. The PDA1000 digitizer card sampled and digitized the signals received by the transducer
and ampliﬁed by the receiver. The stored signals were then analyzed by computer software.
The transducers were separated by the distance L. The time of ﬂight of
the ultrasonic pulses was evaluated by applying the cross-correlation method.
Measurement of the time of ﬂight of the ultrasonic pulses is diﬃcult and uncertain applying classical methods. Therefore, it is more favorable to use methods
based on digital signal processing, e.g. cross-correlation method [15]. The crosscorrelation function h(t), of two functions of time, f (t) and g(t), is deﬁned as
follows:
(3.1)

+∞
Z
h(t) =
f (τ )g(t + τ ) dτ.
−∞

The function f (t) corresponds to the ﬁrst signal detected by the receiving
transducer. This is the ultrasound pulse that travels once across the distance
L between the transmitting and receiving transducers. Part of the ultrasonic
energy of the ﬁrst signal is reﬂected at the receiving transducer back to the
transmitting transducer, which in turn reﬂects part of the incident energy back
to the receiving transducer. As a result, the next impulse detected by the receiving transducer (function g(t)) will travel an extra distance 2L between the
transducers. Hence, this signal travels the distance 3L. The correlation analysis
gives a measure of the similarity between two considered pulses f (t) and g(t)
shifted in time. These two pulses have a similar shape but a diﬀerent amplitude
and delay. Therefore, the cross-correlation function reaches a maximum for t
equal to the evaluated time diﬀerence corresponding to the distance 2L. The
time of ﬂight was measured with a nanosecond resolution. For each measure-
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ment, the ultrasonic signal was averaged 1024 times in order to improve the
signal-to-noise ratio.
The sound velocity was measured with the expanded relative uncertainty
equal to ±0.3% at 95% conﬁdence level. The expanded relative uncertainty of
the density measurements amounts to ±0.05%.
4. Results
4.1. Experimental results and discussion
4.1.1. Sound velocity. In the DAG oil high-pressure phase transitions occur [16]. As the temperature raises, the pressure at which the phase transition
begins increases. At 20◦ C phase transition starts at a pressure of 220 MPa, at
a temperature of 30◦ C the phase transition starts at a pressure of 300 MPa,
etc. For this reason, the calculation of nonlinearity parameter value B/A was
performed only for the low-pressure phase of DAG oil, in the pressure range
from atmospheric pressure up to a pressure of 220 MPa. Determination of the
parameter of nonlinearity required to carry out measurements of velocity and
density isotherms in the DAG oil.
Figure 2 shows the results of longitudinal ultrasonic wave velocity measurements (frequency 5 MHz) at temperatures: 20, 30, 40, 50◦ C. Pressure was applied in increments of 10 MPa up to 220 MPa. Each increase in pressure was
followed by an interval of time (5 min), which allowed the DAG oil to achieve
the thermodynamic equilibrium conditions.
Sound Speed in DAG oil

Fig. 2. Plots of sound speed in DAG oil as a function of pressure along various isotherms
(T = 20, 30, 40, and 50◦ C), f = 5 MHz.
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4.1.2. Density. Figure 3 shows the dependence of the density of DAG oil
versus pressure and temperature in the case of low-pressure phase. During experiments, DAG oil volume changes were measured by observation of piston
displacement inside the high-pressure chamber. It was measured by a digital
caliper gauge. Corrections related to the expansion of the chamber were considered during data analysis. Density values of DAG oil under high pressure
were evaluated from the measurements of the DAG oil sample volume, i.e.,
ρ(p, T ) = m/V (p, T ), where m is the mass of the sample, and V (p, T ) is the
sample volume at pressure p and temperature T .
Density of DAG oil

Fig. 3. Density of DAG oil as a function of pressure and temperature.

4.2. Numerical evaluation of the B/A parameter
Empirical relationships c(p, T ) and ρ(p, T ) have been approximated by the
appropriate functions of two variables (p, T ), i.e., the pressure p and the temperature T . Computer software package Table Curve 3D (Systat, USA) was used
to perform the curve ﬁttings. Sound velocity was approximated by using a third
order polynomial of two independent variables (p, T ):
(4.1)

c(p, T ) = a + bp + cT + dp2 + eT 2 + f pT + gp3 + hT 3 + ipT 2 + jpT 2 ,

where a = 1556.1007, b = 3.5558133, c = −5.2591231, d = −0.0046743392,
e = 0.070266476, f = 0.0082758464, g = 3.8777839e−6, h = −0.0005704745,
i = −3.0256387e−5, j = −9.7492135e−6.
Similar approximation was also performed for the density ρ(p, T ) of DAG
oil.
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4.2.1. Pressure-dependent term B/A′ of the nonlinearity parameter B/A.
(4.2)

′

B/A = 2ρ0 c0



∂c
∂P

 

,

T ρ=ρ0

where ρ0 = 930.17 kg/m3 , c0 = 1473.30 m/s.
In order to calculate the dependence of the B/A′ on the pressure and temperature, one should calculate the derivative of the speed of sound with respect
to the pressure at a constant temperature.
4.2.2. The temperature-dependent term B/A′′ .
(4.3)

′′

B/A =

2c0 T αp c−1
p



∂c
∂T

 

.

P ρ=ρ0

Evaluation of the parameter B/A′′ required the calculation of the temperature
derivative of the speed of sound. Furthermore, the thermal expansion coeﬃcient
αp and speciﬁc heat capacity at constant pressure cp had to be calculated,
namely:
(4.4)

−1
αp (p, T ) =
ρ(p, T )



∂ρ
∂T



.
p

Speciﬁc heat capacity at constant pressure cp has been calculated using the
following equation:
(4.5)

cp (p, T ) =

T α2p (p, T )
,
ρ(p, T )(kT − ks )

where T is the temperature in Kelvin, kT is the isothermal compressibility, ks
is the adiabatic compressibility.
Isothermal compressibility has been determined from the following formula:
(4.6)

1
kT (p, T ) =
ρ(p, T )



∂ρ
∂p



.
T

Adiabatic compressibility was determined from the expression:
(4.7)

ks (p, T ) =

1
.
ρ(p, T )c2 (p, T )
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4.2.3. Nonlinearity parameter B/A. Using the results of numerical calculations of the pressure-dependent part B/A′ (from Eq. (4.2)), the temperaturedependent part B/A′′ (from Eq. (4.3)) and the Eq. (2.7), the nonlinearity parameter B/A values were evaluated as a function of pressure and temperature.
The plots of calculated values of B/A nonlinear parameter as a function of
pressure, at temperatures: 20, 30, 40, 50◦ C are shown in Fig. 4. The derivatives of sound velocity on pressure and temperature were evaluated numerically.
B/A nonlinearity parameter has been evaluated in the pressure range before the
beginning of the phase transition, for low-pressure phase of DAG oil. The nonlinear parameter B/A depends slightly on the temperature. On the contrary, the
pressure dependence of B/A is pronounced. These results are consistent with
Beyer’s paper [3]. The B/A parameter diminishes quasi-linearly with increasing
pressure, see Fig. 4.

Fig. 4. Nonlinearity parameter B/A as a function of pressure at various temperatures evaluated
for the low-pressure phase of DAG oil, (T = 20, 30, 40, and 50◦ C).

The second term B/A′′ in the formula for the parameter of nonlinearity B/A
is negative and gives a smaller contribution to the formula for the overall ratio
B/A than the pressure-dependent term B/A′ .
To the authors knowledge, evaluation of the B/A nonlinearity parameter in
a such broad range of pressures (up to 220 MPa) is a novelty.
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5. Conclusions
Usefulness of ultrasonic thermodynamic method to evaluate the nonlinear
parameter B/A that employs the measured velocity and density isotherms versus
pressure in the investigated liquid was stated. The performed analysis shows
a large monotonic decrease of B/A nonlinearity parameter for DAG oil, with
increasing pressure. For example, at temperature t = 50◦ C, B/A nonlinearity
parameter decreases from 9.7 at atmospheric pressure, to about 5.6 at 210 MPa.
The measuring ultrasonic high-pressure setup and applied procedure have
been employed successfully to evaluate the nonlinear parameter B/A for a wide
range of pressures and temperatures. The results obtained in this paper can be
useful in acoustics, biology, medicine and investigations of materials. Presented
in this study method, can also be applied to investigate other liquids, e.g. fuels
and biofuels, lubricants, polymers, etc.
Measurements of sound velocity are relatively easy therefore determination
of B/A nonlinearity parameter oﬀers a simple way to evaluate the molecular
properties of liquids under high pressures at various temperatures. Acoustic
nonlinearity is related to the internal pressure, free energy of binding, the effective van der Waals’ constants, the translational diﬀusion coeﬃcient, and the
rotational correlation time [17]. This method can be used not only for pure
liquids but also for mixtures [18], emulsions and solutions [19].
A number of important thermodynamic parameters of the liquid can be established from measurements of sound speed isotherms as a function of pressure.
This will be the subject of future work of the authors.
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